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A graph G is said to have depth 6 if every path of length d + 1 is contained in a shortest 
cycle. First we answer by the negative a problem of Neumaier [2], by constructing for every 6, 
a graph of depth 6 which is neither a cyck nor a uniform subdivision of another graph. 
Then we characterize the graphs G such that every two edges are contained in a shortest 
cycle and we show that G is a uniform subdivision of a regular graph of girth 20, a 
semi-regular graph of girth 20 or a multigraph on two vertices. 
1. Introduction 
The paper is motivated by a problem of A. Neumaier [probiem 74 in Discrete 
Maths, [2]]. First let us recall some definitions and precise the notation. 
The girth g of a graph is the length of a shortest cycle. 
The distance d(x, y) is the length of a shortest path between x and y. 
The diumeter D of G is the maximum distance over all pairs of vertices in G. 
The degree d(x) of a vertex x is the number of neighbors of X. 
We will note F(X) = {y E G/d@, y) = k}. 
Following Neumaier, we define the depth 6(G) of a graph G as the greatest 
integer 6 such that every path of length 6 + 1 is contained in a cycle of length g. 
A graph G is said to have depth 6 if 6 is less than or equal to 6(G). 
The k-uniform subdivision of a graph G is obtained by replacing each edge of 
G by a path of length k. Neumaier [2] noted that if G is a cycle, G has depth 6 for 
all 6 2 0 and that if H is a k-uniform subdivision of G then the depth of H is k 
times the depth of G. He asked whether there exists a number & such that every 
graph of depth 6 > & is either a cycle or the uniform subdivision of another 
graph. 
In this note we first answer Neumaier’s problem by the negative. Afterwards, 
we show that if G has depth D + 1 or D (when the girth is even) then G has the 
property that every two edges are contained in a shortest cycle of length g. 
Conversely if every two edges are contained in a shortest cycle then G has depth 
at least D. Finally we characterize the graphs having the property that every two 
edges are contained in a shortest cycle. 
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2. Answer to Neumaier’s problem 
Neumaier [2] asked if there exists a number a0 such that every graph of depth 
6 > &, is either a cycle or a uniform subdivision of another graph and suggested 
that &= 10 might be the right number. 
We answer that problem by the negative. 
Theorem. For any 6 there exist graphs of depth 6 which are neither cycles nor 
uniform subdivisions 
proof, Let G be a graph of minimum degree at least 3, girth g at least 3 and 
depth at least 1 (that is, every path of length 2 is contained in a shortest cycle). 
Suppose that there exists a g-coloration of the edges of G such that each shortest 
cycle contains exactly one edge of each color. Examples of such graphs are given 
below. Let H be the graph obtained from G by replacing each edge of color i by a 
path of length Lip such that: 
Let CH be a cycle of H. It is induced by a cycle C, of G. If C, has length g, it 
contains one edge of each color and the length of C, is &, li. Otherwise C, is of 
length at least g + 1. Therefore C, is of length at least (g + l)&. Thus by (3), H 
has girth CjL1 li. H has depth at least Ii. Indeed every path of length Ii + 1 in H is 
contained in the subdivision of a path of length at most 2 of G, by (1). This path 
itself is included in a shortest cycle of G as G has depth at least 1. Clearly from 
(2) H is not a uniform subdivision. As l1 can be chosen as large as needed, this 
proves the theorem. 0 
Examples of graph. In Fig. 1 some examples of graphs with girth g at least 3, 
degree 3 and depth 1 having a good g-coloration (the colors being indicated by 
numbers on the edges) are drawn. The example corresponding to girth 6 is an 
infinite graph but one can easily obtain from it a finite graph by considering it as 
drawn on the torus. 
3. Graphs of di eter D and depth D or D + 1 
Proposition 1. Let G be a graph with depth 6 and girth g. If G is not a cycle, then 
ga26. 
of. As G is not a cycle, there exists a vertex x in V(G) such that d(x) 3 3. Let 
P be a path of length 6 with endvertex X. Let x1 and x2 be two neighbors of x not 
belonging to P. For i E { 1,2}, Qi denotes the path obtained from P by adding the 
Graphs with every two edges contained in a shortest cycle 39 
g=6 
Fig. 1. 
edge (x, Xi). See Fig. 2. Qi is contained in a cycle Ci of length g by definition 
of 6. The cycle (C, - P) U (C2 - P) has length 2(g - 6) 2 g. Therefore g is at 
least 26. Cl 
Corollary. Let G be a graph of diameter D, girth g and depth D + 1. Then G is a 
cycle of length g. 
Proof. Note that g - 5 20 + 1. Therefore G must be a cycle. 0 
In the following we study the extremal case, that is, 6 = (g/21. 
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Proposition 2. Let G be a graph of diameter D, girth g and depth D which is not a 
cycle. If 6 = Lg/2], then 6 = D. 
Proof, From g s 2D + 1 we obtain 6 s D. Suppose 6 c D. Let x and y be two 
vertices in G at distance 6 + 1 from each other. Let P be a shortest path between 
x and y. The path P is contained in a cycle C of length g. The path C-P between 
x and y has length g - (k/21 + 1) < d(x, y) which leads to a contradiction. Cl 
Now the extremal case corresponds to 6 = D = k/2]. 
Proposition 3. Let G be a graph of diameter D, even girth g and depth D, then 
every two edges of G are contained in a cycle of length g. 
Proof. Let e, = (x,, yl) and e2 = (x2, y2) by two edges of G. 
If d(x,, x2) s D - 1, we conclude like in Proposition 1 by using a path of length 
at most D + 1 obtained from a shortest path between x1 and x2 by adding the two 
edges e, and e2. Otherwise d(x,, x2) = D. The path Q composed of a shortest 
path between x1 and x2 and the edge e2 is of length D + 1 and is contained in a 
cycle C of length g < 20. Therefore d(x,, y2) s D - 1 and we conclude by using 
the path of length SD - 1 included in C between y2 2nd x1 plus the two 
edges. El 
Remark. Proposition 3 does not hold if g is odd. Indeed Petersen graph has 
diameter 2, girth 5, depth 2 and does not have the property that every two edges 
are contained in a cycle of length 5. 
&~p&~_s~ 4, Let G be a graph of gk:k g sxh :.lzat every two edges are contained 
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of length k s D between two vertices x and y, then d(x, y) = k. 
of. As every two vertices are contained in a cycle of length g, we have 
D =S k/2]. Hence D = k/21. 
Suppose there is an elementary path P of length k G D between x and y. If 
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d(x, y) < k, then there is a path P’, distinct from P, of length less than k between 
x and y. Therefore P U P’ contains a cycle of length less than g. Cl 
Proposition 5. Let G be a graph of diameter D and girth g, such that every two 
edges of G are contained in a cycle of length g. Then G has depth [g/2]. 
Proof. Let P be a path of length p = [g/2] + 1 with extremal edges e, and e2. By 
hypothesis, there exists a cycle C of length g containing el and e2. Suppose C does 
not contain P. Two cases may occur. See Fig. 3 above. 
p+l2% p-l+l+g 
p-2+l+g p-l+l+g 
In both cases we have 2p -2-+Z,+C,a2g. AS li+I2+2=g, we obtain pi 
[g/21 + 2 yielding a contradiction. El 
Example. The regular graphs of girth 20 are such that every two edges are 
contained in a cycle of length D. Their depth is exactly D. 
The extremal cases become g = 20 + 1 if g is odd and g = 20 otherwise. If g is 
odd, Singleton [3] showed that such a graph is regular. Therefore it is either a 
cycle of a Moore graph. 
The case g even is extensively studied in the following. In such a graph, every 
two edges are contained in a shortest cycle. Gewirtz [l] proved that in the 
stronger case when every pair of nodes is connected by exactly t (t > 1) shortest 
paths, the graph is regular. Therefore it is a regular graph of girth 20. See [4] for 
a survey on cages. 
4. Characterization of the graphs such that tylery two edges are contained in a 
shortest cycle 
Remark. If G is a graph of odd girth g such that e~ry two edges are contained in 
a cycle of length g, then G is the cycle of length g. 
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Proposition 6. Let G be a graph of even girth g such that every two edges are 
contained in a cycle of length g. Then G is a bipartite graph. 
f. Let x be any vertex in G and e be any edge of G. Since G has girth g, the 
edge e cannot joint two vertices in F(X) when k <g/2. Since G has a cycle of 
length g through x and e, e cannot join two vertices of F(X) for k 3 g/2. Hence 
G is bipartite. Cl 
Proposition 7. Let G be a graph of even girth g such that every two edges are 
contained in a cycle of length g. Then d(x, y ) = D implies d(x) = d(y). 
proof, Let x and y be two vertices of G such that d(x, y) = D. Let z be a 
neighbor of x at distance D - 1 from y and let xi 1 s i s k be the other neighbors 
of X. All the neighbors of y but one (say y’) are in the set A = Tb-‘(x) n r”(t). 
See Fig. 4. 
For each i, there exists a cycle Ci of length g = 20 which contains the edges 
(x, Xi) and ( y, y ‘). The cycle Ci contains the edge (x, z) otherwise its length will 
be at least 20 + 2 = g + 2. Indeed as g = 20, the graph drawn from x is a tree up 
to level D - 1. Therefore, there is an edge from y to A n P-*(Xi) and only one 
(else there is a cycle of length at most g - 2). Hence d(x) = d(y). Cl 
Propos&ion 8. Let G be a graph of even girth g such that every two edges are 
contained in a cycle of length g. If d(x) > 2, then for every y and y’ in p(x) 
d(y) = d(y), 1 si’c s D. 
Proof. Let u, v and w be three vertices of p(x) no two of them being at distance 
k - 1 of the same neighbor of x. Let B = rDsk(x) n TD(u) (note B is not empty). 
Let y be a vertex of B (I T’D-ul(v). See Fig. 5. 
Then, d(y, w) = D. Indeed, the path W, . . . , x, . . . , (v), . . . , y is of length D 
and as the girth is 20, there is no shorter path between w and y. By definition of 
B, d(y, u) = D. Therefore, d(y) = d(u) = d(w). Similarly d(v) = d(u). Cl 
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Corollary 9. Let G be a graph of even girth g such that every two edges are 
contained in a cycle of length g and such that there exist two adjacent vertices of 
degree at least 3. Then any pair of vertices at distance 2 have the same degree. 
Proposition 10. Let G be a graph of even girth g and odd diameter D such that 
every two edges are contained in a cycle of length g. If G contains two adjacent 
vertices of degree at least 3, then G is regular. 
Proof. Let x and y be two adjacent vertices of degree at least 3. Let z be a vertex 
of ?‘(x) n rD(x). As D is odd, d(z) = d(x) from Proposition 8. As d(y, z) = 
D, d(y) = d(z) from Proposition 7. Therefore d(x) = d(y). Hence the result. Cl 
Proposition ll. Let G be a graph of even girth g and diameter D such that every 
two edges are contained in a cycle of length g, G different from a cycle. Let H be 
the multigraph obtained from G by replacing every path whose interior vertices 
have degree 2 by an edge. Then G is a uniform subdivision of H. 
Proof. Every vertex of H has degree at least 3. In G, a path whose interior 
vertices have degree 2 has length at most D (because two vertices at distance D 
have the same degree). Let el and e2 be two edges of H adjacent to X. el comes 
from a path L1 of length It in G and e2 from a path L2 of length 12. Suppose 
II > 12. Let y be the extremity of L1 different from X. As x and y are vertices of H, 
d(x) > 2 and d(y) > 2. Let z be the vertex of L2 at distance l1 of X, by Proposition 
8, d(z) = d(y) > 2, a contradiction. Cl 
Proposition 12. Let G be a graph of even girth g and diameter D such that every 
two edges are contained in a cycle of length g. Let H be the multigraph obtained 
from G by replacing every path whose interior vertices have degree 2 by an edge. 
Then H is such that every two edges are contained in a shortest cycle. 
N. Homobono, C. Peyrat 
Proof. Obvious. Cl 
Proposition 13. Let G be a graph of even girth g and odd diameter D such that 
every two edges are contained in a cycle of length g. Let H be the multigraph 
obtained from G by replacing every path whose interior vertices have degree 2 by 
an edge. Then if H is not simple, H has two vertices. 
Proof. H has girth 2, and therefore, every two edges of H are contained in a 
cycle of length 2, then H has only two vertices. Cl 
We summariie the results of Propositions 5 to 13 in the following theorem. 
Theorem. Let G be a graph of girth g and diameter D such that every two edges 
are contained in a cycle of length g. 
If g is odd, then G is a cycle of length g. 
If g is even, 
-If D is odd and if G has minimum degree at least 3, then G is a regular graph 
of girth 20. 
If D is even and if G has minimum degree at least 3, then g = 20, G is bipartite 
and G is semi-regular. Therefore G is a semi-regular graph of girth 20. 
-If G has minimum degree 2, then G is a uniform subdivision of 
-a regular graph of girth 20 
-a semi-regular graph of girth 20 
-a multigraph on two vertices. 
Some problems remain: 
1. Is there a number &, such that every graph of depth 6 > a0 is a subdivision 
of a graph with smaller depth 6’ 2 l? 
2. Which graphs have non-uniform subdivisions of depth 6 2 2? 
3. Is every graph of depth 6 2 I and minimum degree 2 a subdivision of a 
graph of depth S’ 2 l? 
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